
S O L U T I O N  OF H E A T - C O N D U C T I O N  E Q U A T I O N  F O R  

M A T E R I A L S  W I T H  F A D I N G  M E M O R Y  AND H I G H  

H E A T  C O N D U C T I O N  

M.  D .  M i k h a i l o v  a n d  N. L .  V " l c h a n o v  UDC 536.24.02 

An analytical  solution is obtained of the l inearized heat-conduction equation for an isotropic non- 
deformable  body with memory  and with high heat conduction. 

It was shown in [1] that the solving of the heat-conduction differential  equation for mater ia ls  with variable 
memory  is of great  in teres t .  In this a r t i c le  the case of infinitely high heat conduction is studied when the body 
is spatially isothermic  and its t empera tu re  is only var iable  in t ime.  Thus the memory  only becomes apparent 
via the relaxation function of the internal energy.  

In the general  cas e the boundary-value problem reduces  to the equation [2] 

h(O) OT(M, r) 4- i h'(s) OT(M, "c--s) ds=~(O) v2T(M, r )+  ~)J(s)v2T(M, x - - s )  ds (1) 
O r  ' 0r , 

under the initial condition 

and the boundary one 

h(O) T (M, O) + .i  h' (s) T (M, - -  s) cls = h(oo) To(M ) 
0 

( 2 )  

aT (N, r)  aT (N, S) 
(0) On + ~ ~' (s) On ds -~ ~ {Tt (~c) - -  T (N, T)}. (3) 

0 

If one integrates (1)-(3) over the volume V of the body, makes use of the assumption of the infinitely 
high conductivity T (N, r) = ~ (r), and applies the Ostrogradski i  -- Gauss formula which t rans forms  a volume 
integral  into a sur face  one [3], one can obtain the ordinary integrodifferential  equation 

? dT ('c-- s) aA h (0) --dT (r) + h' (s) ds = - -  {T] (r) - -  7" (x)} (4) 
dr J dr V 

0 

with the initial condition 

h (0) 3 (0) + ~ h' (s) 3 ( s )  ds = h (oo) 30, (5) 
0 

where 

I ~ T ( M , r )  dV, T0-- 
3 (r) - -  V 1 )  

V 

By introducing the dimensionless variables 
aAr aAs 

Fo - -  , Fo s 
h (~)  V h (oo) V 

1 
V f T~ (M) dV. 

V 

Fo I - -  ~Ahl 
h (oo) V ' 

(6) 

H(Foe)-- h ( s )  , H0_  h ( 0 ) ,  0 (Fo)=  3 ( r ) - - 3  0 , 
h (oo) h (oo) AT 
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Fig .  1. D i m e n s i o n l e s s  t e m p e r a t u r e  0(Fo) 
v e r s u s  d i m e n s i o n l e s s  t i m e  Fo  and the  p a r a m -  
e t e r s  H 0 and Fo  I .  

one r e d u c e s  (4) and (5) to  

o~ (Fo) = i'~, ( 'O.L,_ (7) 
AT 

Ho. d0 (FO)dF____0_ + .f  H '  (F%) d0 (Fo--FO,)dFo . dFo, + 0(Fo) = 0v (Fo), (8) 

0 

Ho0 (0) = ~ H'  (Fo~) 0 (--  Fo,) d Fo, = 0. (9) 
0 

If  one app l i e s  the  I ~ p l a c e  t r a n s f o r r n a ~  one obtains  the  fol lowing so lu t ion  fo r  the  t r a n s f o r m :  

O(p) = ' ~ '  (p) (10) 
p ' H  (p) + l 

It  is now a s s u m e d  tha t  the  t e m p e r a t u r e  of the  ou te r  m e d i u m  is cons t an t  Of(Fo) = 1 ~ T o  obtain  the  o r i g -  
inal  of  the  t e m p e r a t u r e  it is n e c e s s a r y  to  choose  a m o r e  s p e c i f i c  f o r m  for  the  r e l a x a t i o n  funct ion h(s) of the  
i n t e r n a l  e n e r g y .  In view of the  c o n s t r a i n i n g  condi t ions  f o r m u l a t e d  in [2] th is  funct ion  can  be  w r i t t e n  in the  fo l -  

l o w i n g  d i m e n s i o n l e s s  f o r m :  

H (F%) = 1-- (1~  Ho) exp [ - -  Fo/F%]. (11) 

w h e r e  

By employ ing  (11) the  e x p r e s s i o n  (10) can  be  t r a n s f o r m e d  as  fol lows : 
1 

0 (p) - -  I P = F% 

P n0.'+ ( ,+ -f0C p+ ro--T 
T h e  i n v e r s e  of (12) can  e a s i l y  be  found in the  t ab l e s  [4] and is of the  f o r m  

2 

Z 1 + Ys exp [Ps Fo], 
O (Fo) = 1 - -  1 - -  HoPRs 

./=1 

yj -= Fo I Pj 
' { 4H~176 } ,+Foz I+(--I) i]//-l- (l+Fo0 ~- ' 2Ho 

(12) 

(13) 

(14) 

I f  Fo I - -  0, t h e n  in ca l cu la t ing  Pl one obtains  the  i n d e t e r m i n a t e  f o r m  0 /0 .  
%rans fo rmed  into 

0 (Fo) = 1 - -  exp [ - -  Fo/(1 + Fo01 
Ho 

1 + F ~  1 l + F o l  ) 

F o r  th is  c a s e  (13) has been  

(15) 
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To i l lus t ra te  the above the dimensionless  t empera tu re  0 is shown against  the dimensionless t ime Fo 
with pa ramete r s ,  namely,  the value of the relaxat ion function H 0 of the internal energy at a current  instant, 
and the dimensionless relaxat ion t ime Fo i. In the c lass ica l  heat-conduction theory  one has H 0 = 1 and Fot = 0. 
There fo re ,  as seen f rom Fig.  1, when H 0 is suitably high, say,  H 0 = 0.95, a change in Fot has a slight effect 
on the resu l t s .  Similarly,  for Fot - -  0 a var ia t ion in the pa ramete r  H 0 has no noticeable effect on the non- 
s ta t ionary  t empe ra tu r e s .  However, for smal l  values of H 0 and large Fo i there  is a considerable effect of the 
fading memory .  This is c lear  f rom the d iag ram for H 0 = 0.1 and Fo I = 100. 

NOTATION 

T, t empera tu re ;  To, equilibrium tempera tu re ;  Tf, t empera tu re  of the surrounding medium; M, point 
of volume; N, point of surface;  s ,  integrat ion variable;  p, Laplace variable;  h(s), relaxation function of 
internal  energy; X(s), relaxat ion function of heat flow; ~,  heat-exchange coefficient;  v, t ime;  Fo, dimen-  
s ionless  t ime;  FOs, dimensionless integration var iable;  H0, the value of dimensionless  relaxat ion function 
of internal energy at cur rent  t ime;  H(s), dimensionless  relaxat ion function of internal  energy; 0, dimension-  
less t empera tu re ;  Fol, dimensionless  relaxat ion t ime of internal  energy; Of, dimensionless t empera tu re  of 
the medium. 
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N O N S T A T I O N A R Y  F I L T R A T I O N  O F  A T H R E E - P H A S E  

M I X T U R E  T A K I N G  A C C O U N T  O F  G R A V I T A T I O N  

L .  F .  Y u k h n o  UDC 518:517.9:532 

A method of solution and resul ts  of calculations a re  presented for the problem of displacement 
of gasified petroleum by water in an inclined stratum. 

The process  of displacement  of gasified petroleum by water  in an inclined s t ra tum which is assumed 
homogeneous is examined in this paper;  the physical  proper t ies  of the fluids and col lector  a re  considered 
known. It is also kept in mind that the process  is i so thermal  and that thermodynamic  equilibrium is built up 
instantaneous ly between coexisting phas es.  We neglect the influence of capi l lary forces .  

Under the assumptions mentioned, the process  of one-dimensional  nonstationary fi l tration of a t h r ee -  
phase mixture ( w a t e r - - p e t r o l e u m - - g a s )  is descr ibed by a nonlinear sys tem of second-orde r  part ial  differen-  
t ia l  equations (see [1]), which is wri t ten as follows in dimensionless  fo rm:  

o.,,~ + <,,,).+ r,_ < ' -o<-  + 1... 
~ +<'p)l = o ( ,_<,<_o-w). <,, 

ox pppp ~ - - ~  ,, pp 

ox t ~,N t P w I 
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